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Abstract 



Soliton solutions with cylindrical symmetry are investigated within the non- 
linear cr-model disregarding the Skyrme-stabilization term. The solitons are sta- 
bilized by quantization of collective breathing mode and collapse in the 7l — s- 
limit. It is shown that for such stabilization mechanism the model, apart from 
solitons with integer topological number B, admits the solitons with half-odd 
B. The solitons with integer B have standard spin-isospin classification, while 

B = — solitons are shown to be characterized by spin, isospin and some additional 
" momentum" . 
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1 Introduction 



Few years ago a new class of spherically-symmetrical solitons in the nonlinear cr-model, 
whose stability is provided on the basis the quantization of collective coordinates cho- 
sen suitably was shown in [1-3] . Such solitons does not exist when the Planck constant 
tends to zero and in this sense they are called quantum solitons. 

On the other hand, in the framework of the standard Skyrme model [4] (the model, 
where solitons are stabilized by a fourth-order derivative term added by hand) a 
spherically-symmetrical hedgehog configuration was shown to have the lowest energy 
only in a sector with topological number B = 1. For example, for the systems with the 
baryon number 2 an Ansatz with the cylindrical symmetry is more preferable and was 
studied by many authors [5-7]. The purpose of this paper is to explore the cylindrically- 
symmetrical Ansatz in the theory of quantum solitons. 

We are starting from the action of the standard SU(2) nonlinear cr-model: 



f 2 



^ J d 4 xTr(L^), = U + d^U, 



where x^ = (t, x) is the Minkowski space coordinate, U — U(t; x) is the (2 x 2) chiral 
field matrix, f v is the pion decay constant and L M = rj flu L l , with the metric tensor 7]^ 

of Minkowski space; the space signature is taken to be (H ). 

According to the Derrick theorem [8] the static soliton configuration does not exist 
in the model with the action (JJ). But for a time-dependent configuration the conditions 
of the Derrick theorem are not fulfiled and therefore we start from the following Ansatz, 
which is explicitly time-dependent: 



U{t; r, (p, 0) = e" l T^3 exp UF a f — , §\ tA e^ T \ 



where r,<p,{} are the usual spherical coordinates, r a (a = 1,2,3) are the isospin Pauli 
matrices, m is some integer number and X(t) is a configuration size parameter; the 
latter will be considered in this paper as a collective ("breathing") coordinate. 

In Ref.7 the static limit (A(i) = 1) of the Ansatz (0) was applied for the config- 
urations with m = 2 and B = 2 in the framework of the Skyrme model. From the 
Ansatz (0) one can also simply obtain the hedgehog configuration by using here the 
static limit and setting m = 1 and Fi = F(r) sin0, F 2 = 0, F 3 — F(r) cos0. 

The outline of the paper is as follows. Taking into account the noncommutativity 

of the breathing coordinate A(t) and the velocity A = we derive an effective 

Lagrangian for breathing motion in Sec. II. It is shown that due to the uncertancy 
principle a repulsive term is generated, what prevents a collapse of the chiral field. 
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To define the chiral field functions F a for arbitrary m a system of coupled differential 
equations in partial derivatives is obtained. We demonstrate that for the cylindrically- 
symmetrical configurations there appear solitons with integer as well as half-odd topo- 
logical charge. In Sec. Ill the quantization of spatial and isospatial rotations of soliton 
is considered. For solitons with integer topological charge the usual quantum numbers 
(spin and isospin) are obtained, meanwhile for solitons with ^-topological charge there 
appears additional conserved "momentum" operator, which commutes with spin and 
isospin operators (Sec. IV). This momentum ( is shown to be integer and is restricted 
by \j — 1\ < C < j + t, where j and t are spin and isospin, respectively. Conclusions and 
some speculations related to status of the quantum solitons with cylindrical symmetry 
are given in the last section. 



2 Basic Equations 
2.1 Effective Lagrangian 

Following the approach of Ref.l, which was developed in the theory of spherically- 
symmetrical solitons, we are postulating that the generalized coordinate A and velocity 
A do not commute: 



where /(A) is to be determined after the canonical quantization condition is required. 

To obtain an effective potential for the breathing motion it is useful to replace the 
Minkowski coordinates (x^) by a new one (z a ) according to 



Thus one goes from the representation, where the configuration vibrates in Minkowski 
space, to a new one, where the configuration is "static", but quantum vibrations are 
transferred to the geometrical structure of the adopted space. 

After simple calculations (see, e.g., Ref.l) and taking into account (pj) one obtains 
the following effective Lagrangian for the breathing motion: 



[A,A]=z/(A), 



(3) 




(4) 



W 




A 



a 2 [F,G] (AAA - //' - ^A- l f 



) 



<ri[F,e]A, 



(5) 
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where /' = ~n~ an d °"i [F, 0] and 02 [F, 6] are the following functionals: 



f" 2 

■J 7T 



d[F,Q] = ^-J d 3 z[(VF) 2 + sin 2 F(Vn a )(Vn a ] 
a 2 [F,6] = ^Jd 3 zz l z J [(\7 l F)(\7 ] F)+sin 2 F(V l n a )(\7 J n a ] 



(6) 
(7) 



Here functions F = F(z, 1?), n a = n a (z, 1?), a = 1, 2, 3 parametrize the chiral field C7 (z) 
by 



Fx = FcosG, F 2 = 0, F 3 = F sin 9, 

tlx = cosm<^cos0, n 2 = sinm^cosB, ra 3 = sinB, 



(9) 



where 6 = 8(2,1?), F = F(z,i?), * = |2| and V; = -j^. 
When using the transformation (A, A) — * (£, £), where 



A = 0"i 



(10) 



and {a, b} = ^(ab + ba), the Lagrangian (2.3) is reduced to 



A=lM[F,Q]i 2 -v(0, v(0 = e /3 + OAT ^^ 



m[f, e] 



8M[F, 0] 
8 q 2 [F,9] 
9^,9] 



To obtain (|TTj) one has to put /(A) = (202A) -1 , which is consistent with the canonical 
quantization condition [£, P^] = i, where P^ is a momentum, conjugative to £ . 

It must be emphasized here that the Lagrangian (JTTJ) is invariant under the scale 
transformation 



F(z, 1?) - F p {z, 1?) = F(Pz, 1?), 0(z, 1?) - 9^, 1?) = B(Pz, 1?). 



'121 



The role of this invariance of an effective Lagrangian in theory of quantum solitons was 
discussed in Ref.3. 
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2.2 Variational Principle and Differential Equations 



The chiral field for the cylindrically-symmetric configuration is defined by the same 
variational equation, which was derived for spherically-symmetric chiral field 



3^-^ = 0, 

01 02 



(13) 



where functionals G\ and a 2 are defined by (f|, |7|) . 

According to a prescription of Refs.1,3 we shall introduce a new variable y and 
functions F(y) and Q(y) instead of the old ones: 



y 



z z, z 



vi[F,e]' 

F(z y), &(y) = Q(z y). 



(14) 
(15) 



Calculating in (O) the variations over SF one obtains the first field equation 



- did l F + di {y'yWjF^j + sin F cos F (dih a dih a - y l y 3 d^d^ = 0, 



(16) 



where d. 







and n a (y) = n a (z y). 



k chjk 

The second equation can be derived from Eq.flTB]) using the standard variation 
procedure over 6n a with the constraint n a h a = 1: 



2 cot FdiF (dih a - y l y 3 djh^ + dj (dih a - y t y k d k n ( ^j 
+ (dih b din b - y l y k dih b d k h b ^j h a = 



(17) 



with n a n a = 1 and n a dih a = 0. 

Apparently, for the hedgehog-like configuration of Refs.1-3 Eq.flTTD is satisfied iden- 
tically, while Eq . (|i~6"D is reduced to the field equation of Ref.l. 

One can rewrite Eqs.flTBl 17) in spherical coordinates y = \y\, $ and <p: 



d_ 

dy 



K y -y 



dF 

dy 



1 d 
sin d dd 



sin F cos F 



{y 2 - y A ) 



dy 



sin^ 



+ 



dF 
~d~& 



+ 



+ m 



sin B 
sin^ 



5 



sm ti- 
dy 



4 2\ • 2 £,^9 

V ~ V ) Sm ~dy~ 



d_ 

dy 



a 2 p,9Q 
sin 17 sin F— — h 
dy 



m 2 9 ~ sin 20 

H sin 2 F — 

2 sinw 



0. 



(19) 



Both equations have three singular points: y = 0, y — 1 and y = oo and for further 
analysis it is important to know the behavior of the functions F(y, ti) and Q(y, ti) near 
these points. 



2.3 Behavior at Singular Points 



Suggesting the analytical properties of the solutions of Eqs. ( [T8|JT9| ) one has to expand 
the functions F(y,ti) and Q(y,ti) near the origin y = as 



F(y,ti) = F + y»F 1 (ti) + ..., /i > 0, 

e( y ,ti) = e (ti)+ y ' / e 1 (ti) + ..., »>o, 



(20) 
(21) 



where /i and v have to be determined from the field equations (|18|jl9|) . Putting (|20"| , |2T 
into Eq.( |l8|) one easily obtains at zero order of ^/-expansion: 



sin F cos Fq 



dti 



+ m 



sin 6 
sin?? 



(22) 



To satisfy this equation we should take 
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F = -n, n = 0,±l,±2,.... 



(23) 



The topological charge for the solitons is defined as usual 



B 



d 3 xB° fx), where B^(x) 



24tt 2 



e^Tr{L v L p L a ), 



(24) 



while L v was defined in ([!]). Simple calculations give B = ^rp an d the field equations 
(0,0) admit solitons with integer and half-odd topological charge. The latter does 
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not exist in the standard Skyrme model [4] . Introducing a variable x = m In ^tan ^ J 

one obtains the sine-Gordon equation for 6o(i?(x)) at the zero order of ^/-expansion of 
Eq.©: 



d 2 ® _ sin20 c 



(25) 



which has the well known solution 



6n = 2tan _1 (e x ) = 2tan _1 ( tan- 



(26) 



The next order of the ^-expansion of Eq. flIB|) gives an equation for F\ (i?) : 



d_ 

dz 



(1 - , 2 ) 



dz 



+ 



-l) n 8m 2 



(1 + z 



2\m-l 



[(1 + z) m + (1 - z) m Y 



Fi = 0, (27) 



where z denotes cosi?, and n is determined by (|23|) . 

At zero order of (y — l)-expansion of Eqs.(f8l|19]) one gets 



<9F(l,i?) 



1 d 



dy 2 sin i? di? 
sin2F(l,i?) 



. Q dF(l,i?) 

smi? 7- — - 

dt? 

2 



d 



/ ^e(M) V , 2 /sin 6(1,1?)' 
in 2 F(l,i?) sin / 9 ft?^ 



sin 1? 



2 sin 1? sin 2 F( l,i?) 



— m 



sin 26(1,1?) 
4 sin 2 1? 



{28) 



(29) 



Finally, at y — ► 00 the functions F and 6 behave as 



F(y,i?) = y - 3 / (i?)+i/- 5 /i^) + ... 
6(i/, 1?) = e ($)+y- 2 6 1 (#) + ..., 



(30) 
(31) 



where the relationships between functions in this expressions are given by 



A 

3, , di? 

7/0 H 

5 



sini?^ 



10 sini? 



-fo 



'dQo 



+ m 



sin 60 
sini? 



(32) 



7 



2 sin26o 
20 sin 2 7?' 



(33) 



3 Spatial and Isospatial Rotations 



From the configuration considered in the previous section the infinite set of configura- 
tions, all degenerate in energy, can be constructed by spatial and isospatial rotations: 

U(z,A,B) = AU[D(B)z\A + , (34) 

where D)(B) = \Tr[T i BT j B + ] is an orthogonal matrix of spatial rotation given by 
a SU(2) matrix B\ an isospatial rotation of the chiral field U is given by a SU(2) 
matrix A. The usual way to quantize the rotating degrees of freedom is to promote 
the matrices A and B to collective coordinates A(t) and B(t). 

Here one comment must be given. Due to the fact that the theory in question gives 
no stable soliton solution in the classical limit H — > the traditional semi-classical 
quantization scheme became nonapplicable here. But an example of a vibrating and 
rotating quantum soliton for the hedgehog-like configuration U(z) [3] shows that the 
contribution of a rotational energy of the field is less than one quarter of total soliton 
energy. Therefore we shall assume further that the chiral field matter distribution is 
that for the nonrotating soliton considered in Sec. II and the total soliton energy is 
given by 

E = E + T, (35) 

where E is an energy of the nonrotating soliton, which is an eigenvalue of the Hamil- 
tonian corresponding to the effective Lagrangian A for the vibrating motion (Eq.fl5|)): 

1 d 2 

Hty = E Q ^, H = = 7^7+v(£); (36) 

' 2M[F,e) d£ 2 y 1 

T is the kinetic energy related to rotations. It is determined by the Hamiltonian [7]: 
Hrot = T^aiUijdj - aiWijbj + ^biVijbj, (37) 
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where aj = — iTr[rjA + A], bj = iTr[rjBB + ], A = ? -B = an d the inertia 

tensors are expressed in terms of chiral field U = U(z) by 

e 



Ui 



V;; 



a?[F,e]^' 

e 2 



a?[F,9]^' 



(38) 
(39) 
(40) 



where 



U; 



- '.I 



4fn 
— It 



'J 



-Tj,U 



u + 

i(fx V)jU 
i(rx V)iU\. 



(41) 
(42) 
(43) 



Note that the inertia tensors Uij, Wij, Vij as well as the "breathing mass" M are 
invariant under a scale transformation 



F(z,&) - F p (z,V)=F(Pz,V), 



(44) 



Using the Ansatz (Q) with (|], |]) one obtains the following expressions for nonzero 
components of the inertia tensors 



Vll 



TV 


/ dzz 




Jo 


71 


/ dzz 2 


U •> 


'o 








2 A jo 


7T 


/■oo 




/ dzz' 


2U 


Jo 



dzz I d'd sin d 



+ cot *& cos 9 sin 9 



sin 2 F, 



(45) 
(46) 

(47) 



'dey 



m 2 cot 2 •d sin 2 9 



sin 2 F + 



9^ 



(4£ 
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U 2 2 = Uu, W 2 2 = W n , V22 = V n , 

v 33 = mw 33 = m 2 u 33 , 



t^iy Vij 



if i ^ j. 



(49) 
(50) 
(51) 



Due to the relations ( |50|) the third components of the canonically- conjugate momenta 



Kj = I ',,<!, - Wijbi, 
Lj = -WijQi + Vijbi, 



(52) 
(53) 



are dependent: 



mK 3 = -L? 



(54) 



which is a result of the cylindrical symmetry. Now the rotational part of the Hamilto- 
nian becomes: 



H 



rot 



1 ?2 



2D 



W 
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+ 



2D 2D 
1 __ V u + m 2 XJ 1 



(K + Lf + 
2mW n 



D 



K 2 



(55) 



where D 



The canonical angular momenta K and L are the so- 



called bodyfixed angular momenta in isospace and in usual space, respectively; the 
conventional angular momenta T and J are defined by the following rotations of this 
angular momenta K and L, respectively: 



Ti = -D l3 (A)K j} Ji = -DUB)L 



(56) 



In the quantum theory a scheme of canonical quantization for the chosen rotational 
coordinates gives rise to the following commutational relations for momenta K, L, T 
and J: 



te^ k K k , [L i7 Lj] = [Ki,L s ] = 0, 

ie^ k T kl [J h J,} = ie ijk J k , [T h J,] = 0. 



(57) 
(58) 
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with f 2 = K 2 and J 2 = L 2 . 

Now we can consider a rotational Hamiltonian (3.11) as an operator in the Hilbert 
subspace defined by the physical constraint generated by (3.10): 



(mK 3 + L 3 ) \phys >= 0. 



(59) 



According to Eq.(f47D W\\ = for the solitons with m > 2 and the rotational Hamilto- 
nian is reduced to 



H, 



rot 



2U 



1 ^2 1 ^ 1/1 



m 



1 



ii 



2V U 



2 1 ^33 V n U u 



Kl 



(60) 



A special case of this expression with m = 2 was considered in Ref.7. The case with 
m = 1 must be analized separately. 



4 Solitons with m=l. Configurations with half-odd 
Topological charge 

For m = 1 the differential equation fl2"T| ) is reduced to the Legendre equation 



d 

dz 



dF x 

dz 



+ 



H(H + 1) + 2(-l) n+1 F 1 = 



(61) 



From the obvious arguments of finiteness of the solution at — 1 < z < 1 one obtains 
that Fi(z) = APk(z), where A is some nonzero constant, Pk{z) stands for the Legendre 
polynomial of the order of k; \x is imposed by 



Hifji + 1) + 2(-l)™ +1 = k(k + 1 



(62) 



For evenn — value the lowest-order solution is independent of the azimuth angle: k = 
0, Fi — A, fi — 1. This means that for such solutions the spherical symmetry is 
restored and Vn = Wn = Un = W33. Although the determinant D vanishes, the 
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ratios (?n - Wu} and gn - gy are fimte To compensate the infinitely rising 
ratio one has to impose a new constraint on the physical states: 

(K + L) \phys >= (63) 



instead of the old one (p9f). So one obtains the standard classification j = t of the 
rotative excitations for the solitons with the hedgehog-like structure. 

Because /x is real and positive quantity, the solitons for the oddn— value exist only for 
k > 2 and have a nontrivial dependence on the azimuth angle This means that quan- 
tum solitons with half-odd topological charge could not be spherically-symmetrical, but 
have the cylindrical symmetry. 

For the half-odd topological charge all measurable quantities such as energy, com- 
ponents of inertia tensor etc. are finite. The topological analysis of these solitons was 
done by K. Fujii and two of us (N.M.C. and A.P.K.) in Ref.l. The chiral field matrix 
may be regarded as a point on the sphere S™ 1 in the internal space. But the chiral 

field is not defined uniquely at the origin: U(r, — > ixr, x = y, at r — ► 0. Cal- 
culating measurable quantities one considers all points ixr of the diameter of sphere 
6*3"* as one point. This means that the internal space is reduced to a bundle of spheres 
(Ss\/ Ss) m ^ (see, e.g., Ref.9). On the other hand all infinite points of the physical 
space are reflected to one point U = 1 of the internal space, and therefore, the physical 

space is compactificated to Sf^ S . Thus, the solution for the chiral field is given by 
the following mapping: 

^-(SsV^. (64) 



When the function F(y,{}) [Eq.(|S])] is verying in the sector -| < F < the upper 
sphere of the bundle is covered. The lower sphere is covered when the function F is 
verying in a sector — n < F < ?j and so on. For the half-odd topological charge the 
chiral matrix maps the physical space into the spheres from the bundle (S3 V S^) 1 ™* odd 
times. 

Here we do not consider physical applications of the obtained solitons. We would 
like only to mention that the chiral field, strictly speaking, could be defined only at the 
hadron perifery; at the soliton origin the field matter is determined by color degrees 
of freedom (quarks). In this sense there is no problem with the ambiguous behavior 
of the chiral field at the origin, because this region must be "occupied" by the valence 
quarks and the ambiguity of the chiral field at the origin is an artifact of an effective 
theory. 

For odd n-value F(y, $) has nontrivial ^-dependence and in the expression for the 
rotative Hamiltonian the denominator D does not vanish. According to (f47|) Wu 7^ 
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if m = 1 and, therefore, all terms in (3.11) give nonzero contribution to the rotational 
energy. Moreover, there appears a new conserved quantity ( 2 = (K + L) 2 . It is obvious 
that the commutation relations between components of the ^-operator are those for 
angular momentum: 

[d, Cj] = ieijkCfc- ( 65 ) 
So, for the soliton with half-odd topological charge the state is given by 

where j, t and ( are soliton spin, isospin and "new" momentum, respectively; ja and 
t% are ^-components of the spin and isospin; fc 3 = —t, — t + 1, . . . , t is an eigenvalue of 



the operator K 3 . Due to the constraint ( 59|) the state vector is an eigenstate of the 



(^-operator with zero eigenvalue. Therefore the quantum number ( is integer and is 
constrained by 

\j-t\<(<j + t, (66) 
and the soliton spin and isospin may be either both integer or both half-odd. 



5 Conclusions and discussion 



In the above consideration we have investigated solitons with the cylindrical symmetry 
in the nonlinear cx-model. The stabilization of the solitons is provided by quantization 
of the collective breathing coordinate. The system of two coupled differential equations 
in partial derivatives for the chiral field is obtained. An analysis of this equations shows 
that at the origin the chiral angle must be tt/2 multiplied by any integer number n 
(see Eq. fl23|) ) . This gives, additionally to the "standard" solitons with integer topo- 
logical charge, solitons with half-odd topological charge. The latter could not exist 
in the model, proposed by Skyrme [4], where soliton stabilization is guaranteed by ad 
hoc added term to the Lagrangian density of the nonlinear <r-mo del ©. It must be 
stressed here that the quantum solitons with half-odd topological charge do not appear 
for spherically-symmetric Ansatz of Refs.1-3. This means that for symmetries, which 
are more general than the spherical one, the spectrum of the quantum solitons is more 
rich than that of the static solitons of the model with Skyrme stabilization term. 
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Quantization of rotative coordinates for spatial and isospatial rotations gives ap- 
propriate quantum numbers of the soliton. The soliton with integer topological number 
is characterized by the standard set of quantum numbers (spin and isospin). At the 
same time, the solitons with the ^-topological charge are shown to be characterized by 
spin, isospin and by some additional "momentum". The operator for this additional 
momentum commutes with the soliton Hamiltonian, as well as with its spin and isospin 
operators. 

Between unsolved problems we would like to mention here some physical appli- 
cations of the obtained solutions, statistics of the solitons with half-odd topological 
charge and numerical calculations. We hope to discuss some of them in our further 
publications. 

The authors would like to express their thanks to Professor K. Fujii (Hokkaido 
University) for a number of fruitful discussions. 
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